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In this work, the generalized (2+1) and (3+1)-dimensional Calogero-Bogoyavlenskii-Schiff equa-
tions are studied. We employ the Cole-Hopf transformation and the Hirota bilinear method to derive
multiple-soliton solutions and multiple singular soliton solutions for these equations. The necessary
conditions for complete integrability of each equation are derived.
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1. Introduction

In this work, we will study the generalized (2+1)-
dimensional Calogero-Bogoyavlenskii-Schiff (CBS)
equations [1-9]

vi+ @)y, =0, P(v)= X +av+bvd, ", (1)
or equivalently
Vi —i—vﬂy—i-avvy—i—bvxa;lvy =0, 2)

where
9. 'f= / fdx. 3)

Moreover, we will also study the generalized (3+1)-
dimensional Calogero-Bogoyavlenskii-Schiff (CBS)
equations

vi+P@(v)vy+ P (v)v, =0,

D(v) =0; +av+bvd; )

D, (v) = 0>+ cv+dvd; ',

or equivalently

Ve 4+ avvy 4 cvv; 4+ bvd ! vy

1 (5
+dvi0, v+ Vixy + Vi =0,

where a,b,c, and d are parameters. Using a dimen-
sional reduction d; = dy = 9y, (2) and (5) will be re-
duced to the standard Korteweg-de Vries (KdV) equa-
tion.

The (2+1)-dimensional CBS equation (2) can be
written in the potential form

Uy + AUty + Dltylty + Uyexy = 0, (6)

obtained upon using the potential v = u,. Similarly, the
(3+1)-dimensional CBS equation (5) can be written in
the potential form

Uy + Altcliyy ~+ Dltylty + CUylly; o
+ duu; + Uxxy T Unxxz = 0,

obtained upon using the potential v = u,. The CBS
equation was first constructed by Bogoyavlenskii and
Schiff in different ways [2—4]. Bogoyavlenskii used
the modified Lax formalism, whereas Schiff derived
the same equation by reducing the self-dual Yang-
Mills equation [1-9].

For completely integrable evolution equations, three
powerful methods, namely the inverse scattering
method, the Biacklund transformation method, and the
Hirota bilinear method [10— 13] were thoroughly used
to derive the multiple-soliton solutions of these equa-
tions. Other useful methods are used in [14—19]. The
Hirota’s bilinear method is rather heuristic and pos-
sesses significant features that make it practical for the
determination of multiple-soliton solutions [19—24]
for a wide class of nonlinear evolution equations in a
direct method. Moreover, the tanh method was used to
determine single-soliton solutions. The computer sym-
bolic systems such as Maple and Mathematica allow
us to perform complicated and tedious calculations.
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The objectives of this work are twofold. First, we
seek to extend our work in [1] to establish multiple
soliton solutions and multiple singular soliton solu-
tions of distinct physical structures for the general-
ized (2+1) and (3+1)-dimensional Calogero-Bogoyav-
lenskii-Schiff (CBS) equations. The Cole-Hopf trans-
formation and Hirota’s bilinear sense will be used to
achieve the first goal. The second goal is to show that
the complete integrability of these equations is sub-
jected to necessary conditions related to the parameters
a,b,c,and d.

2. The Hirota Method

In what follows we briefly highlight the main fea-
tures of Hirota’s bilinear method that will be used in
this work. We first substitute

_ kx+my+rz—ot 8
”(xa)’azt)—e ( )
into the linear terms of any equation under discussion
to determine the relation between k, m, r, and ®. We
then substitute the Cole-Hopf transformation

w=R(nf), = R ©)
f
into the equation under discussion, where the auxiliary
function f, for the single soliton solution, is given by

flyzt) =1+ filxyze) =1+ (10)

The steps of the Hirota method, summarized in [1],
are as follows:
(i) For the relation between k;, m;, r;, and @;, we use
6;
b

u(x,y,z,t) =e 0, = kix+myy+riz— wit. (11)

(i) For single soliton, we use

f=1+e" (12)
to determine R.
(iii) For two-soliton solutions, we use
f=1+eb% 4e% qp et (13)

to determine the phase shift coefficient a;,, which can
be generalized for a;;, 1 <i < j<3.
(iv) For three-soliton solutions, we use

f=1+eb% 1e% peb 4 gppedth a4
4 a23662+93 +(l]3€61+93 +b123691+92+93

to determine bjp3. It is formally proved that if biy3 =
aipajsags, then the equation gives rise to three-soliton
solutions. The determination of three-soliton solutions
confirms the fact that N-soliton solutions exist for any
order, and hence, the examined equation is completely
integrable.

However, for the multiple singular soliton solutions
[14—18], we use the following steps:

(i) For dispersion relation, we use

u(x,,z,1) = e, 6 = kix +-miy+riz— oyt (15)
(ii) For single singular soliton, we use
flx,yz,t) =1-e%.

(iii) For two singular soliton solutions, we use

(16)

fyzt)=1—e% —e® ape® ™. 17)

(iv) For three singular soliton solutions, we use

6 63

0
fl,yzt)=1—e"—e
+a12661+92 +a23692+63

+ a13691+93 +b123691+92+93-

—€
(18)

3. The (2+1)-Dimensional CBS Equation

The potential form of the (2+1)-dimensional
Calogero-Bogoyavlenskii-Schiff equation [1-9] is
given by

Uy + Uprxy + Qliylyy + Dltycity = 0, (19)

where u = u(x,y,7). The derivation of the potential
form is given above in (1) — (7). Our approach depends
mainly on the Cole-Hopf transformation and Hirota’s
direct method as summarized before.

We first substitute

u(x,y,t) = ekivrmy=oit (20)
into the linear terms of (19) to find the relation

W =km,i=172,---N 1)
and hence 6; becomes

6, = ehivtmy—kimit (22)

To determine R, we substitute the Cole-Hopf transfor-
mation

u(x,y,t) = R(In f)y, (23)
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where

Flxy,t) =1+ fi(x,y,1) = 14¢%, (24)
and insert this into (19) to find that

12
= e (25)
This in turn defines the solution u(x,y,) by
2
u(x,y,t) = a+b(1nf)x' (26)

3.1. Multiple-Soliton Solutions fora =4,b =2

We found that the complete integrability for the
(2+1)-dimensional CBS equation for the case a = 4
and b = 2 is justified for distinct coefficients, k; # m;,
of the spatial variables x and y. Using (24) and (26) for
R =2, the single-soliton solution is given by

Zkleklirmlyfk%mlt

1) = . 27
M(xay? ) 1 _,’_eklx-&-mly—k%mlt ( )

Recall that v(x,y,t) = uy(x,y,t). This gives the single-
soliton solution of the CBS equation by

2k%ek1x+m1)’*k%ml t

t) = . 28
V(X7y7 ) (1 +ek|x+m1y7k%m1t)2 ( )
For the two-soliton solutions we substitute
floyt) =1+e% 4% +a1eh % (29)

into (19) and, solving for the phase shift a;,, we find

(k= ko)?
apn = m, (30)

and this can be generalized to

(ki — kj)*

—= 1<i<j<N.
(ki-i-kj)z =ts/=

a,-j: (31)

Notice that the phase shifts a;; do not depend on m;.
This in turn gives

f(x,y,l) _ 1+ek|x+m|y7k%m|t_’_ekszrmzyfk%mzt

+ (kl _k2)2 e(k|+k2)x+(m|+m2)y7(k%m|+k%m2)t' (32)

(k1 +k2)?

To determine the two-soliton solutions explicitly,
we substitute (32) into the formula u(x,y,z) =
2(In f(x,y,t))x. Recall again that v(x,y,t) = ux(x,y,1).
It is interesting to point out that the CBS equation
(19) does not show any resonant phenomenon [10] be-
cause the phase shift term @, in (30) cannot be 0 or oo
for |k1| # |ka|. It is well known that a two-soliton solu-
tion [10] can degenerate into a resonant triad under the

conditions
ay =0or (aj3) "' =0 for k| # |ka|. (33)

Similarly, to determine the three-soliton solutions,
we set

fyt) =1+e% e% 4 e®

+ appe® 0 4 gy3e0210s (34)
+ a13691+63 +b]23€61+92+93
into (19) and, solving for b1,3, we find that
b2z = apazas. (35)

To determine the three-soliton solutions explicitly,
we substitute the last result for f(x,y,t) in the for-
mula u(x,y,t) = 2(In f(x,y,t))x. Recall that v(x,y,7) =
ux(x,y,t). The higher level soliton solutions, for n > 4
can be obtained in a parallel manner. This confirms that
the CBS equation is completely integrable and admits
multiple-soliton solutions of any order.

3.2. Multiple Singular Soliton Solutions for a = 4,
b=2

We found that the multiple singular soliton solutions
for the (2+1)-dimensional CBS equation for the case
a =4 and b = 2 exist for distinct coefficients, k; # m;,
of the spatial variables x and y. In this case R = 2 as
derived before. As stated above, the auxiliary function
for the singular soliton solutions is given by

Floyt) =1 filx,pt) =1—e. (36)

Using (36) and (26) for R = 2, the single singular soli-
ton solution is given by

2klek1x+m1y—k%m1 t

u(x,y,t) = — g (37)

Recall that v = u,. This means that the singular soliton
solution is given by

Zk%eklx-&-mly—k%mlt

V(X»y»f) = (38)

(1 _ eklx-&-mly—k%ml t)2 ’
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For the two singular soliton solutions we substitute
fley) =1-e —e® +ape™® (39)

into (19) and, solving for the phase shift a;,, we find

(ki —ko)?
ap = m, (40)
and this can be generalized to
ki —k:)?
a,-j:Ekl'_Fikj_;z,lgi<j§N. (41)
iTKj

Notice that the phase shifts a;; do not depend on m;.
This in turn gives

f(x,y,t) —1— ek|x+m|y7k%m|t _ ek2x+mzy7k%mzt

(ky — k2)?
(ki + k2)?

(k|+k2)x+(m|+m2)y7(k%m|+k%m2)t. (42)

To determine the two-soliton solutions explicitly,
we substitute (42) into the formula u(x,y,7) =
2(In f(x,y,t))y. Recall that v(x,y,t) = ux(x,y,1).

Similarly, to determine the three singular soliton so-
lutions, we set

flyr)=1—e% —e®% —e%
+ a12e110 4 gy3e% 705 (43)
4 a13681+93 +b]23€61+92+63
into (19) and, solving for b1,3, we find that
b1z = —apazazs. (44)

To determine the three singular soliton solutions ex-
plicitly, we substitute the last result for f(x,y,¢) in
the formula u(x,y,t) = 2(Inf(x,y,¢))x. Recall that
v(x,y,¢) = ux(x,y,¢). The higher level singular soli-
ton solutions for n > 4 can be obtained in a parallel
manner. This confirms that the CBS equation admits
multiple-soliton solutions and multiple singular soliton
solutions of any order.

3.3. Multiple-Soliton Solutions for Arbitrary a and b

In this part we examine the complete integrability
for a generalized (2+1)-dimensional equation
Uy + Uxxry + Qltylyy + buyuty = 0, 45)

where a and b can be any arbitrary constants.

We found that the complete integrability for the
(2+1)-dimensional CBS equation (45) for any arbitrary
constants a and b is justified only if m; = k;, of the spa-

tial variables x and y. In this case R = afb as derived

before. Using (24) and (26) forR = % the single soli-
ton solution is given by

1 2k1 ek1x+k|y7k? t

(a+Db)(1 +ehvthy=ki)’

u(x,y,t) = (46)

Noting that v(x,y,?) = uy(x,y,?), therefore we obtain

3
1 Zk%ek1x+k|y7k1 t

b 7t - . 47
V(X Y ) (a+b)(] +ek1x+k1y—kft)2 ( )
For the two-soliton solutions we substitute
Syt =1+e% 4% +a;e" "% (48)

into (45) and, solving for the phase shift a;,, we find

(ki —kp)?
apy = m, (49)
and this can be generalized to
ki —k:)?
ai,—gkf+k{;2,1<z<j<zv (50)
iTKj

Notice that the phase shifts a;; remain the same as in
the previous case. This in turn gives

13 3
f(x,y,t) _ 1+ek1)€+k1y k1t+ek2X+k2y kyt

7(]{1 —ka)? (ki ko )t (k1 o )y— (k3 +43) 1 Gb

(ki +k2)? ¢

To determine the two-soliton solutions explicitly,
we substitute (51) into the formula u(x,y,z) =
2(In f(x,y,t)),. Note that v(x,y,t) = ux(x,y,1).

Similarly, to determine the three-soliton solutions,
we set

flyt) =1+e” +e% 4 e

+ appe® 0 4 gy3e0210s (52)
+ a13691+63 +b123eel+92+93
into (45) and, solving for b1,3, we find that
b1z = apazazs. (53)
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To determine the three-soliton solutions explicitly,
we substitute the last result for f(x,y,¢) in the for-
mula u(x,y,t) = 2(In f(x,y,¢)),. Note that v(x,y,t) =
ux(x,y,t). The higher level soliton solutions for n > 4
can be obtained in a parallel manner. This confirms that
the generalized CBS equation (45) is completely in-
tegrable and admits multiple-soliton solutions of any
order for any arbitrary constants a and b, provided that
the coefficients of the spatial variables x and y are iden-
tical.

3.4. Multiple Singular Soliton Solutions for Arbitrary
aandb

We found that the multiple singular soliton solutions
for the (2+1)-dimensional CBS equation (45) for arbi-
trary a and b exist only if the coefficients k; and m; of
the spatial variables x and y are identical. In this case
R= % as derived before. As stated above, the auxil-
iary function for the singular soliton solutions is given

by

Flept) =1+ fi(x,y,1) =1 —eb.

Using (54) and (26) for R = 1%,
soliton solution is given by

(54)

the single singular

12klek1x+k1y—k?t

u(x,y,t) =— . 55
( Y ) (a+b)(1_ek1x+k|y7kft) (55)
Noting that v(x,y,7) = uy(x,y,?) gives
12k2 kyx+kyy—ki t
v(xy1) = — 12 (56)

(a+b)(1— ek'”kl)’*k?f)Z )
For the two singular soliton solutions we substitute
Floyn) =1 —e® +ape®™® (57)

into (45) and, solving for the phase shift a;,, we find

(ki —ka)?
a2 = m, (58)
and this can be generalized to
ki —k:)?
aij:Ekl,_Fikj_))z,lﬁi<jSN~ (59)
iTKj

Notice that the phase shifts a;; is the same as obtained
before. This in turn gives
fleyt)=1— kixtky y—kjt _ ek2x+k2y7k%t
2
(ki —k2)® vty iy 4y OO
(k1 + k2)2

To determine the two-soliton solutions explicitly,
we substitute (60) into the formula u(x,y,z) =
2(In f(x,y,t))x. Recall that v(x,y,1) = uy(x,y,1).

Similarly, to determine the three singular soliton so-
lutions, we set

flry)=1—e —e% —e%

+ ape® T + ape® (61)
+ a13691+63 4 b123691+92+93
into (45) and, solving for b3, we find that
bi2z = —anaizazs. (62)

To determine the three singular soliton solutions ex-
plicitly, we substitute the last result for f(x,y,¢) in
the formula u(x,y,#) =2(In f(x,y,7)),. The higher level
singular soliton solutions for n > 4 can be obtained in
a parallel manner. This confirms that the CBS equation
admits multiple-soliton solutions and multiple singular
soliton solutions of any order.

4. The (3+1)-Dimensional CBS Equation

The potential form of the (3+1)-dimensional
Calogero-Bogoyavlenskii-Schiff equation is given by

Uyy + AUty + Dliyclty + Cllxli; + dug; 63)
+ Usxxy + Unxxz = 0,

where u = u(x,y,z,t). The derivation of the potential
form is given above in (1)— (7). Our approach depends
mainly on the Cole-Hopf transformation and the Hirota
direct method as summarized before.

We first substitute

u(x,y, z,1) = ehixtmytriz=oi (64)
into the linear terms of (63) to find the relation

@; = kZmi+ k2, i=1,2,---N, (65)
and hence 6; becomes

0; = ekivtmiv-triz—ki (mitri)t (66)

To determine R, we substitute the Cole-Hopf transfor-
mation

u(x,y,2,1) = R(In f)x, (67)
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where
f(x,y,z,t):1+f1(x,y,z,t):1+eel, (68)
and insert this into (63) to find that
24
R=———. 69
a+b+c+d (69)
This in turn defines the solution u(x,y,z,t) by
24
t)=—(1 . 70
u(xayaza ) a+b+C+d(nf)x ( )

4.1. Multiple-Soliton Solutions for a = c = 4,
b=d=2

We found that the complete integrability for the
(3+1)-dimensional CBS equation (63) for the case a =
c=4and b =d =2 is justified for distinct coefficients,
ri = mj,k; 7 m;. In this case R = 2, and

61' — ek1x+m,’y+miz—2k,-2m,'t. (71)
Using (68) and (70) for R = 2, the single soliton solu-
tion is given by

Zklek|x+m|y+m1z72k%m| t

u(x,y,z,t) = (72)

14+ ek|x+m|y+m|z72k%m|t ’

Recall that v(x,y,z,7) = ux(x,y,z,¢). This gives the sin-
gle soliton solution of the CBS equation by

2k%6k1x+m1y+mlz—2k%m1 t

v(x,yt) = (1 +ek1x+m1y+m1z—2k%mlt)2' (73)
For the two-soliton solutions we substitute
fayzt) =1+ +e% 4ape® ™% (74)

into (63) and, solving for the phase shift a;,, we find

(k] — kz)(k%mz + 2k1k2(m1 — mz) — k%ml)
(k1 + ko) (K2ma + 2k1 ko (my +my) + k3my)

ajp = ) (75)

and this can be generalized to

B (ki — kj)(kl-zm]‘ + Zkikj(m,- — mj) — k%m,-)

A = ,
Y (k,-—i-kj)(kizmj+2k,-kj(m,-+mj) —i—k?m,-) (76)
1<i<j<N.

Notice that the phase shifts a;; depend on both coeffi-
cients k; and m;. This in turn gives

f('x7 y7 Z? t) =

1+ ek|x+m|y+m1z72k%m| "y ek2x+mzy+mzz72k%m2t
(k1 - kz)(k%mz + 2k1ko (m1 — mz) - k%ml)
(ki + ko) (K3ma + 2ki ko (my 4+ ma) + K3my )

. C(k' +kp ) x+(my+myp ) y+(my +m2)zf(2k%m1 +2k%m2)t

(77)

To determine the two-soliton solutions explicitly,
we substitute (77) into the formula u(x,y,z,t) =
2(Inf(x,y,z,t))x. Recall again that v(x,y,z,f) =
Uy (x,9,2,1).

Similarly, to determine the three-soliton solutions,
we set

fxy,zt) =1+e% +e% 4

+ appe® 1% 4 ay1e®tos (78)
+ a13e?1 05 4 bp3efr F0:16s
into (63) and, solving for b3, we find that
b123 = apaizans. (79)

To determine the three-soliton solutions, we substitute
the last result for f(x,y,z,¢) in the formula u(x,y,z,t) =
2(Inf(x,y,z,t))x. Recall that v(x,y,z,1) = ux(x,y,z,t).
The higher level soliton solutions for n > 4 can be ob-
tained in a parallel manner. This confirms that the CBS
equation is completely integrable and admits multiple-
soliton solutions of any order.

4.2. Multiple Singular Soliton Solutions for
a=c=4b=d=2

To determine singular soliton solutions, the auxil-
iary function for the singular soliton solutions is given
by

fy.zt) =1+ filxyz)=1-e% (80

Using (80) and (70) for R = 2, the single singular soli-
ton solution is given by

2k1 ek1x+mly+mlz—2k%ml t

u(x,y,z,t):— (81)

1— ek1x+mly+mlz—2k%mlt ’

Recall that v = u,. This means that the singular soliton
solution is given by

2k%6k1x+mly+mlz—2kfm1 t

V(X»y»Z»f):— 2. (82)

(1— ek1x+m1y+mlz—2k%m1 t)
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For the two singular soliton solutions we substitute
flayzt)=1—e%—e® 4ape®™® (83
into (63) and, solving for the phase shift a;,, we find

iy = (ki — ko) (K3ma + 2ki ko (my — ma) — k3my) (84)
(ki + ko) (K2ma + 2ki ko (my +my) + kamy)’

and this can be generalized to
(k,’ — k,)(klzm] + 2k,-kj(mi — mj) — kfm,)
4= ’
Y (ki k) (kKPm + 2kikj(mi 4 mj) + k2m;) " (85)
1<i<j<N.

Notice that the phase shifts a;; depend on the coeffi-
cients k; and m;. This in turn gives

flxy,zt) =

1— ek1x+m1y+mlz—2k%mlt o ek2x+mzy+mzz—2k§mzt
(k] — kz)(k%mz + 2k1k2(m1 — mz) — k%ml )
(k1 + kz)(k%l’nz + 2k1k2(m1 + mz) + k%ml)

(86)

. e(kl+k2)x+(m1+mz)y+(ml+m2)z—(2k%ml+2k%m2)t.

To determine the two-soliton solutions explicitly,

we substitute (86) into the formula u(x,y,z,t) =

2(Inf(x,y,z,1))x- Recall that v(x,y,1) = ux(x,y,1).
Similarly, to determine the three singular soliton so-

lutions, we substitute

fle,yz,0) =1—eb —e% %
+ a12e% 7% 4 gy3e% 0 (87)
+ ar3e T8 4 pypzefi 02T
into (63) and, solving for 153, we find that
bi2z = —anaizazs. (33)

To determine the three singular soliton solutions ex-
plicitly, we substitute the last result for f(x,y,z,¢) in
the formula u(x,y,r) = 2(Inf(x,y,z,¢)).. Recall that
v(x,,1) = ux(x,y,7). The higher level singular soli-
ton solutions for n > 4 can be obtained in a parallel
manner. This confirms that the CBS equation admits
multiple-soliton solutions and multiple singular soliton
solutions of any order.

4.3. Multiple-Soliton Solutions for Arbitrary
a,b,c, and d

We found that the complete integrability for the
(3+1)-dimensional CBS equation (63) for arbitrary

a,b,c, and d is justified only if m; = k;. In this case
— i and
~ a+b+c+d

61' _ ek,x-‘rk,y-‘rk,z 2k; t' (89)

Using (68) and (70) for R = —2*

S bo)al 75174 the single-soliton
solution is given by

u('x7 y7 Z? t) =
24k ki Hhiythiz- 2k

(a+ b +C+d)(1 _’_ek|x+k1y+k|z72kft) ’

(90)

Recall that v(x,y,z,t) = ux(x,y,z,¢). This gives the
single-soliton solution of the CBS equation by

V(X»y» t) =
24k%ek|x4rk1y+k1 =263t 1)
(a +b+c+ d)(] + eklx+k1y+k1z—2kft)2 :
For the two-soliton solutions we substitute
fyzt) =1+e% +e% 4ape® ™ (92)

into (63) and, solving for the phase shift a;,, we find

(k1 —ko)?

R (93)

a2 =

and this can be generalized to

(ki —k3)
ajj = 5%

,1<i<j<N.
(i) =0

(94)

This in turn gives
flx,y,z,t) =
1+ ek1x+k1y+k|172k?t + ek2x+k2y+k2z72k%t

(ki — k2)?
(ki + k2)?

95)

+ (ki )t (ki )y (ki ko )z =2k +43) 1

e
To determine the two-soliton solutions explicitly,
we substitute (95) into the formula u(x,y,z,t) =
2(Inf(x,y,z,1))x. Recall again that v(x,yz,t) =
ux(x,y,2,1).

Similarly, to determine the three-soliton solutions,
we substitute

feyzt)=1+el +e%4e%
+Cl12€el+92 +a23692+63

+Cl13€61+93 +b123ee1+92+93

(96)
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into (63) and, solving for b1,3, we find that

b1z = appaizan;. o7

To determine the three-soliton solutions, we substitute
the last result for f(x,y,z,¢) in the formula u(x,y,z,¢) =
2(Inf(x,y,z,1))x. Recall that v(x,y,z,t) = u(x,,2,1).
The higher level soliton solutions for n > 4 can be
obtained in a parallel manner. This confirms that the
(3+1)-dimensional CBS equation is completely inte-
grable and admits multiple-soliton solutions of any or-
der for arbitrary values of a and b.

4.4. Multiple Singular Soliton Solutions for Arbitrary
a,b,c, and d

To determine singular soliton solutions, the auxil-
iary function for the singular soliton solutions is given
by

f(xvyvzvt):1+f1(x7yvzvt):1_eel' (98)
Proceeding as before, and using R = m, the sin-
gle singular soliton solution is given by

u(x,y,z,t) =

24klek1x+k1y+k1z—2k?t (99)

(a+b+c+d)(1— ek1x+k1y+klz_2k§,) :

Recall that v = u,. This means that the singular soliton
solution is given by

v(x,y,z,1) =

24k%ek|x+k|y+k1172k?t (100)

(@+b+c+d)(1—ekwthyth2r)2°
For the two singular soliton solutions we substitute
fyzt)=1-e% —e® 4ape®®  (101)

into (63) and, solving for the phase shift a;,, we find

(ki —k2)?
ap=-—%5, 102
2= T2 (102)
and this can be generalized to
(ki — k))* .
ajj = , 1 <i<j<N. (103)

(ki +kj)2

This in turn gives
Flrpnant) = 1 - chshrrhis 2 _ glacriartio:-2

Ekl - kzij e(kiHha)xt(ky ko )y+ (K1 o)z — 12k +243) 1
ki + ko
(104)

To determine the two singular soliton solutions explic-
itly, we substitute (104) into the formula u(x,y,z,t) =
2(In f(x,y,z,1))x. Recall that v(x,y,t) = ux(x,y,1).

Similarly, to determine the three singular soliton so-
lutions, we substitute

f(x7y7z,t) = 1 _691 _662 _693

+ ape? 0 4 gyzet2 1 (105)
4 a13681+93 +b]23€61+92+63
into (63), and solve for by,3, we find that
bi23 = —apazay;. (106)

To determine the three singular soliton solutions ex-
plicitly, we substitute the last result for f(x,y,z,¢) in
the formula u(x,y,7) = 2(In f(x,y,z,¢))x. Recall that
v(x,y,t) = ux(x,y,¢). The higher level singular soli-
ton solutions for n > 4 can be obtained in a parallel
manner. This confirms that the (3+1)-dimensional CBS
equation admits multiple-soliton solutions and multi-
ple singular soliton solutions of any order.

5. Concluding Remarks

The (2+1)-dimensional and the (3+1)-dimensional
Calogero-Bogoyavlenskii-Schiff equations are investi-
gated for multiple-soliton solutions and multiple sin-
gular soliton solutions. The Cole-Hopf transformation
and the Hirota bilinear method are used to formally de-
rive these solutions. The solutions were obtained for
the well-known forms of the CBS equations with fixed
values for the parameters a,b and a,b,c, and d. The
generalized forms were also studied and solutions were
obtained for arbitrary values of the constants. The anal-
ysis highlights the power of Hirota’s method compared
to other existing techniques.
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